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Abstract 

We consider the Besov space on a unimodular Lie group G equipped with a sublaplacian A. Using 

estimates of the heat kernel associated with A, we give several characterizations of Besov spaces, and show an 
algebra property for Ba‘’{G) n L^{G) for a > 0, 1 < p < +oo and 1 < q < +oo. These results hold for polynomial 
as well as for exponential volume growth of balls. 
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1 Introduction and statement of the results 


We use the following notations. A{x) < B{x) means that there exists C independent of x such 
that A{x) < CB{x) for all x. A{x) ~ B{x) means that A{x) < Bix) and B{x) < A{x). The 
parameters which the constant is independent to will be either obvious from context or recalled. 


1.1 Introduction 

Let d S N*. In W^, the Besov spaces BP’‘^(W^) are obtained by real interpolation of Sobolev spaces and can be defined, 
for p,q € [1, +oo] and a G R, as the subset of distributions S'{R‘^) satisfying 


\ bp,<i := Wijj * /Ilip + ( ^ [2’^°‘\\(pk * JWlpY j < +00 


^fe=i 


( 1 ) 


where, if G is supported in i?(0,2)\i?(0, ^), (pk and ijj are such that BpkiO = = 

i-Er=i‘^(2-'=e). 

The norm of the Besov space BP’‘^{M.‘^) can be also written by using the heat operator. Indeed, Triebel proved in 
unim Section 2.12.2] that for all p,q £ [1, +oo], all a > 0 and all integer m > 



d^Ht 
dtM J 


9 


LP 



( 2 ) 


where Ht = is the heat semigroup (generated by —A). Note that we can give a similar characterization by using, 
instead of the heat semigroup, the harmonic extension or another extensions obtained by convolution (see [191112j l. 
Another characterization in term of functional using differences of functions was done. Define for M G N*, / G 
x,h the term 

M . , 

1^0 ^ ^ 

and then for M > a > 0, p,q G [1, +oo] 




\h\ 



(3) 


We have then for all a > 0, p,q £ [1, +oo] and M G N with M > a, 


IBS’’ — 


|LJ> 


qp,q f 

^a,MB 


(4) 


One of the remarkable property of Besov spaces (see [71 Proposition 1.4.3], [HI Theorem 2, p. 336], [HI Proposition 
6.2]) is that BP’'^{M.'^) fl is an algebra for the pointwise product, that is for all a > 0, all p,q £ [1, +oo], one has 

II/sIIbS’’ ^ II/IIbs'’II3IIboo + II/IIb^IIsIIbS’’- (5) 

The idea of [7] consists in decomposing the product fg by some paraproducts. The authors of [H] wrote i?P’'?(R'^) as a 
trace of some weighted (non fractional) Sobolev spaces, and thus deduced the algebra property B^-'^(M!^) D L°° from 
the one of ITP’^(IR‘^)nL°°(IR‘^). Notice also that, when a G (0,1) and M = 1, the algebra property of iIg’'J(M'^) nL°°(M'^) 
is a simple consequence of dH). 

The property (0) have also been studied in the more general setting of Besov spaces on Lie groups. Gallagher and 
Sire stated in uni an algebra property for Besov spaces on iJ-type groups, which are a subclass of Carnot groups. In 
order to do this, they used a some paradifferential calculus and a Fourier transform adapted to iL-groups. 

Moreover, in the more general case where G is a unimodular Lie group with polynomial growth, they used the 
definition of Besov spaces obtained using Littlewood-Paley decomposition proved in [5]. When a £ (0,1), they proved 
a equivalence of the Besov norms with some functionals using differences of functions, in the spirit of ([3]), and thus they 
obtained an algebra property for B^'^{G) fl L°°{G). They shows a recursive definition of Besov spaces and wanted to 
use it to extend the property ([5|) to a > 1. However, it seems to us that there is a small gap in their proof and they 
actually proved the property |]/5l|sS’’ < (II/IIbS’’ + ll/IU“)(ll5llBg’’ + IIsIIl”)- 

In our paper, we defined Besov spaces on unimodular Lie group (that can be of exponential growth) for all a > 0, 
and then we proved an algebra property on them. We used two approaches. One with functionals in the spirit of 
and the other one using paraproducts. We did not state any results on homogeneous Besov spaces because the 
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definition of these spaces need a particular work (a extension of the work in [S] to a ^ (~li 1) should work). However, 
we have no doubt that our methods work once we get the proper definition of homogeneous Besov spaces with some 
good Calderon-Zygmund formulas. 

Note that methods used in m or in the present paper are similar to the ones in [5] and [T] , where fractional Sobolev 
spaces L^{G) are considered on unimodular Lie groups (and on Riemannian manifolds). In these two last articles, the 
authors proved the algebra property for L^{G) fl L°°{G) when p £ (1, +oo) and a > 0. 

1.2 Lie group structure 

In this paper, G is a unimodular connected Lie group endowed with its Haar measure dx. We recall that “unimodular” 
means that dx is both left- and right-invariant. We denote by £ the Lie algebra of G and we consider a family 
X = {Xi,... ,Xk] of left-invariant vector fields on G satisfying the Hormander condition (which means that the Lie 
algebra generated by the family X is £). Denote Xoo(N) = Uu>- , ky. Then if / = (ii,..., i„) £ loo(N), the length 

zgn 

of / will be denoted by |/| and is equal to n, whereas Xi denotes the vector field Xi-^ ... Xi^. 

A standard metric, called the Carnot-Caratheodory metric, is naturally associated with (G, X) and is defined as 
follows. Let I : [0,1] —?► G be an absolutely continuous path. We say that I is admissible if there exist measurable 
functions oi,..., : [0,1] —?► C such that 


k 

''(<) = X ayt)XMt)) fora.e. t £ [0,1]. 

i=l 

/ fe \ 5 

I ^ |ai(0P 1 For any x,y G G, the distance d{x,y) between 

\i=0 / 

X and y is then the infimum of the lengths of all admissible curves joining x to y (such a curve exists thanks to the 
Hormander condition). The left-invariance of the Xi’s implies the left-invariance of d. For short, |a;| denotes the distance 
between the neutral e and x, and therefore d{x,y) = for all x and y in G. 

For r > 0 and a; £ G, we denote by B{x,r) the open ball with respect to the Carnot-Caratheodory metric centered 
at X and of radius r. Define also by V{r) the Haar measure of any ball of radius r. 

From now and abusively, we will write G for (G,X, d, dx). Recall that G has a local dimension (see |RI)b 

Proposition 1.1. Let G be a unimodular Lie group and 'K be a family of left-invariant vector fields satisfying the 
Hormander condition. Then G has the local doubling property, that is there exists G > 0 such that 

V{2r) < GVir) VO < r < 1. 

More precisely, there exist d £ N* and c, G > 0 such that 

cr'^ <V{r) < Gr'^ VO < r < 1. 

For balls with radius bigger than 1, we have the result of Guivarc’h (see my- 

Proposition 1.2. If G is a unimodular Lie group, only two situations may occur. 

Either G has polynomial growth and there exist D £ N* and c, G > 0 such that 

cr^ <V{r) < Gr^ Vr > 1, 

or G has exponential growth and there exist ci, C 2 , Gi, G 2 > 0 such that 

< V{r) < Vr > 1. 

We consider the positive sublaplacian A on G defined by 

We will denote by Ht = the heat semigroup on G associated with A. 


If I is admissible, its length is defined by jZj = 


3 


1.3 Definition of Besov spaces 

Definition 1.3. Let G be a unimodular Lie group. We define the Schwartz space S{G) as the space of functions 
p € C°°{G) where all the seminorms 

Ni,,{ip) = sup e"l"l \Xig,{x) \ c G N, / e Joo (N) 
x^G 


are finite. 

The space S'{G) is defined as the dual space of S{G). 

Remark 1.4. Note that we have the inclusion S{G) C LP{G) for any p G [l,+oo]. As a consequence, LP{G) C S'{G). 

Definition 1.5. Let G be a unimodular Lie group and let a > 0, p,q € [l,+cx3]. The space f G B^'^{G) is defined as 
the subspace of S'{G) made of distributions f such that, for all t G (0,1), A'^Htf G L^iG) and satisfying 


Isg- :=Ar/+Hill/lip <+oo, 


where 



if q < +00 (with the usual modification if q = +c» ) and m stands for the only integer such that ^ < m < ^ + 1. 


Remark 1.6. Lemma \2.b] vrovides that the heat kernel ht is in SiG) for all t > 0. Thus Htip G S{G) whenever t > 0 
and ip G S{G). When f G S'{G), the term XiHtf denotes the distribution in S'{G) defined by 


{XiHtf,p) = (-1)1^1 {f,HtXip) \fp G 5(G). 


1.4 Statement of the resnlts 


Proposition 1.7. Let G be a unimodular Lie group. The one has for all p G [1, +ck)], all multi indexes I G Xoo(N) and 
all t G (0,1), 

||^/ilt/||p<Gzt-^||/||p yfGLP{G). 

Remark 1.8. Ln particular, one has that ||tAilt||p < 1 once t G (0,1) and for all p G [l,+oo]. When p G (l,+c»), 
since A is analytic on L^ (and thus on L^), we actually have ||tAilt||p < 1 for all t > 0. The case 

The following result gives equivalent definitions of the Besov spaces BP’'^ only involving the Laplacian. 


Theorem 1.9. Let G be a unimodular Lie group andp,q G [l,+oo] 

(0,1) ifa = 0 


If m > % and to a real in 


[0,1) if a>0 


, then the following 


and a > 0. 

norms are equivalent to the norm of B(f‘^(G). 




t ||A'"ilt/|l 


9 dt 

PJ T 


\Htof\\p- 


(ii) \\Htof\\p+ E [2^'^’"-^^||A™il2.-/llr 


Vj<-i 


2-3 2 


(in) ||ilto/||p+ E 
\l<-i 

if we assume that a > 0. 


dt 

/ |(tA)-il*/|- 

J2i ^ 




p. 

) 


Remark 1.10. Here and after, we say that “a norm N is equivalent to the norm in BPp‘3 ” ij arid only if the space of 
distributions f € S' such that A"'Htf is a locally integrable function in G for all t > 0 and N{f) < +oo coincides with 
BPp‘3 and the norm N is equivalent to 

The previous theorem allows us to recover some well known facts about Besov spaces in 
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Corollary 1.11. [Embeddings] Let G a unimodular Lie group, p,q,r £ [l,+oo] and a > 0. We have the following 
eontinuous embedding 

C BPf{G) 


once q < r. 


Corollary 1.12. [Interpolation] 

Let G be a unimodular Lie group. Let sq, Si > 0 and 1 < PQ,Pi,qo,qi < oo. 

Define 

s* = (1 — 9)sq + 9si 

1 _ 1-e e 

P* Po Pi 

1 _ 1-0 9 

q* 90 qi' 

The Besov spaces form a scale of interpolation for the complex method, that is, if sq ^ si, 


(^PO.,0 




The following result is another characterization of Besov spaces, using explicitly the family of vector fields X. 

Theorem 1.13. Let G be a unimodular Lie group, p,q € [1, +oo] and a > 0. Let ifi be an integer strictly greater than 
a. Then 

/ 1 . 

“I 9 


\HUh 


E 

L 


2^ 2 max sup \\XiHtf\\p 

te[2^23+i] |j|<^ 


( 6 ) 


is an equivalent norm in Bf;'^(G). 

With the use of paraproducts, we can deduce from Corollary II. 121 and Theorem 1 1.1 31 the complete following Leibniz 
rule. 


Theorem 1.14. Let G be a unimodular Lie group, 0 < a and p,pi,p 2 ,P 3 ,Pi,q £ [l,+oo] such that 

1 1 _ 1 1 _ 1 

Pi P2 P3 Pi p' 

Then for all f £ Bff’'^ fl L^^ and all g £ n L^^, one has 

ll/sllsg’'’ ^ II/IIbsi’‘'II9IUj’2 + ||/||lp3||5|IbM'‘>- (7) 

Remark 1.15. The Leibniz rule implies that B'jf'^^G) nL°°(G) is an algebra under pointwise product, that is 


Wfgh 


< 


\\f\\B?.’49\\L^ + \\f\\L^\\9\\l 


Let us state another characterization of B]]’’^ in term of functionals using differences of functions. 

Define Vyf{x) = f{xy) — f(x) for all functions f on G and all x,y G G. Consider the following sublinear functional 




f f W^yfWp V dy 

4|<A l2/l“ J V{\y\)) 


Theorem 1.16. Let G be a unimodular Lie group. Let p,q G [1, +oo]. Then for all f G LP{G), 


L^-«(/) +ll/ll, :^Ar(/) +ll/ll, 

once a G (0,1). 

Remark 1.17. When G has polynomial volume growth. Theorem \1.1 61 is the inhomogeneous counterpart of Theorem 2 
in m- Note that this statement is new when G has exponential volume growth. 

Remark 1.18. From Theorem \ 1.1 91 we can deduce the Leibniz rule stated in Theorem \1.14\ in the case a G (0,1). 

As Sobolev spaces, Besov spaces can be characterized recursively. 

Theorem 1.19. Let G be a unimodular Lie group. Letp,q G [l,+oo] and a > 0. Then 

f e BP’l.iG) ^ Vz, XJ G RP’«(G) and f G LP{G). 

Remark 1.20. Note that a similar statement is established in m- However, we prove this fact for p £ [1, +oo] while 
the authors of m used the boundedness of the Riesz transforms and thus are restricted to p G (1, +oo). 
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2 Estimates of the heat semigroup 


2.1 Preliminaries 

The following lemma is easily checked: 

Lemma 2.1. Let {A,dx) and {B,dy) be two measured spaees. Let Kix^y) : Ax B ^ IR_|_ be such that 


sup / K{x,y)dy < Cb 
xGAJb 


and 


Let g € [1, +oo]. Then for all f G L‘^{B) 


sup / K{x,y)dx<CA- 
yeB JA 




K{x,y)f{y)dy 







with obvious modifications when q = +oo. 

Lemma 2.2. Let {a,b) £ (Z U {±oo})^ such that a<b,Q<a<fi two real numbers and q £ [l,+oo]. Then there 
exists Ca,p > 0 such that for any sequence (cn)„gZ; one has 


E 


r'-Y. 


I- max{rt.j }/3 



Proof: We have 


E 


2^“^ 2 


- max{n,j }/3 


with = 2”(“-^)c„ and K{n,j) = 

According to Lemma 12.11 one has to check that 


E 


- b y 

E K(n,j)dn 


n—a 


and 


For the hrst estimate, check that 


b 

sup Y]K{n,j)<l 

jGla.b] 


b 

sup VA:(n,j)<l. 

nG|a,b| 


b 

sup '^K{n,j) 
je[a,b] 


sup 

jela,bl 


2Aa-0) ^ 2’ 


.(/3-q) 


b 

+ 2-^“ 2""'“ 
n=j+l 


< sup 
jez 


+00 


2j(“-/3) 2"^^““^ + 2-^“ 2" 

n= —oo n=j + l 


< 1 , 


since /3 — a > 0 and a > 0. 

The second estimate can be checked similarly: 


b 

sup VA:(n,j) 

"6[o,b] 


Yi b 

sup 2 "”“ Y 2 '^“ + ^ 2 -^'(““^) 

jG[o,b] j=„+l 


< 1 - 


□ 
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Proposition 2.3. Let s >0 and c > 0. Define, for all t € (0,1) and all x,y G G, 


Kt{x,y) = 




\y ^x 


t J viVt) 


1 

e ‘ 


Then, for all q € [1, +oo], 


G \Jg 


Kt{x,y)g{y)dy] dx] < ||g||q. 


Proof: Let us check that the assumptions of Lemma [2.II are satisfied. For all a: € G and alH £ (0,1), 


Kt{x,y)dy = 


1 


viVi) 

1 

ViVi) 






e 

-l^|2 


\y-^x[ 


1 


V{Vi) 

= h+l2. 


\y~^x\^>t 


\y~ 


\y~^xr 

3-^—^dy 




dy 


The term /i is easily dominated by 1. As for I 2 , it is estimated as follows: 


i=y^[ 

J 2^ y/t<\y~^x\<2y'^'^^/t \ ^ 

^ h 



Notice that Propositions 11.11 and 11.21 imolv that ^ 2^^^ if 2-1 i/t < 1 and 

^ Vl2i+^Vt) P(l) ^ 

ViVi) V{1) V{Vt) ~ 


if 2f-\/t > 1. Hence, 


^ vyyw^ js -cp < '^g-c'p 
6; ^ 6; 


< 1 , 


which yields with the uniform estimate 


Kt{x,y)dy < 1. 


In the same way, one has 


Kt{x,y)dx < 1. 


Lemma I^TT] provides then the desired result. 


Proposition 2.4. Let s > 0 and c > 0. Define 


K{t,y) = — 


\y\^Y Vi\y\) 


t J V{Vi) 


e ^ ‘ 


Then, for all q £ [1, + 00 ], 


'0 \Jg 


K{t,y)g{y)dy] <( [ \g{y)\ 


'V{\y\) 


( 8 ) 


(9) 


□ 
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Proof: Let us check again that the assumptions of Lemma l2.ll are satisfied, that are in our case 


sup / K{t,y)dy < Cb 

tG(0,l) JG 


and 


/•i dt 

sup / K{t,y)—<CA- 
yeGJo ^ 


The first one is exactly as the estimate ((HI) -For the second one, check that 


V{\y\) f\y\ 


|2\ s 


, dt 
t 


V{\y\) f\y\^y 


< 


e ‘ — 
t 


lo V{\/i) \ t / U J|y| 

<x". , niyl) 


I# 

t 


dt 

T 


E 

j=0' 
+ 00 


4~Cj + l)|y|2 V ^ 




< + 1 


1=0 
+ CXD 


Vi2-J+^y\) 


< Y + 1 

1=0 

< 1 , 


where the last but one line is obtained with the estimate 


□ 


2.2 Estimates for the semigroup 

Because of left-invariance of A and hypoellipticity of ^-f-A, has a convolution kernel ht G C°°(G) satisfying, 

for all / £ L^{G) and all x G G, 

Htf{x) = [ ht{y~^x)f{y)dy = [ ht{y)f{xy)dy = [ ht{y)f{xy~^)dy. 

JG JG JG 

The kernel ht satisfies the following pointwise estimates. 

Proposition 2.5. Let G be a unimodular Lie group. For all L G loo(N)) there existGi,Ci > 0 such that for all x G G, 
all t G (0,1], one has 

\Xiht{x)\ < |j| exp . 

Proof: It is a straightforward consequence of Theorems VIIL2.4, VIIL4.3 and V.4.2. in m- □ 

Lemma 2.6. Let G be a unimodular group. Then ht G S{G) for all t > 0. 

Proof: The case t < 1 is a consequence of the estimates on ht. For t > 1, just notice that S{G) * S{G) C S{G). □ 


Proposition 2.7. For all I G loo(N) and all p G [1, -|-oo], one has 

IIMt/||p<t-^||/||p VtG (0,1 ],V/gLP(G). 

Proof: Proposition 12.51 yields for any t G (0,1] 


\\XiHtf\\p<t-^ 




Kt{x,y)f{y)dy 



where Kt{x, y) = exp ^ j. 

The conclusion of Proposition l2.7l is an immediate consequence of Proposition 12.31 


□ 











3 Littlewood-Paley decomposition 

We need a Littlewood-Paley decomposition adapted to this context. In HU], the authors used the Littlewood-Paley 
decomposition proven in [U] Proposition 4.1], only established in the case of polynomial volume growth. We state here 
a slightly different version of the Littlewood-Paley decomposition, also valid for the case of exponential volume growth. 

Lemma 3.1. Let G be a unimodular group and let to £ N*. For any (p £ S{G) and any f £ S'{G), one has the 
identities 

where the integral converges in S{G), and 

1 G rt-t 1 

/ = 7-7^ / (tArHJ- + TyA'^iLi/ 

(to-1)!7o t ^ fc! 

where the integral converges in S'{G). 


Proof: We only have to prove the first identity since the second one can be obtained by duality. 
Let (f £ S{G). Check first the formula 

m—1 


(to - 1)! = r^iture-^-- = f\ture-^-- + 
•^0 ^ Jo ^ 


Thus by functional calculus, since ip C Lf{G)^ one has 


1 


dt 1 


p = 


(to - 1 )! Jo 


{tArHtPj + 


( 10 ) 


where the integral converges in L^{G). Since the kernel ht of Ht is in S{G) for any t > 0 (see Lemma 12.6|) . the 
formula m will be proven if we have for any c £ N and any / £ Xoo(N), 




Let n > -^ be an integer. Similarly to (fTUll . one has for all x £ G and all t £ (0,1), 

n-l 

Htp{x) = - -— / {v-tY~^A^Hyp{x)dvF^—{l-tfA^Hip{x). 

(n-l)! A 

Hence, for all x £ G and all u £ (0,1), we have the identity 


r ^ /-7+ 1 ^ 

litArHM^)j = ^l A"-iL.^(x) 


i.{u,v} 


t’^-\v-t)^-^dt dv 


n—1 ^ p'li 

-b ^-A'=+'"iLiV9(x) / t”^-\l-tfdt. 

1 n ' 0 


Note that 


and 


fc=0 
cmin{n,'ij} 


f^-^iv-t^-^dt < 


/O 


pu 

/ t™-l(l-t)'=dt <M™. 

Jo 

Therefore, the Schwartz seminorms of (tA)"^Htp^ be estimated by 

NiJ [ {tA)^Htp—\ <n™ / x"-isupe"l"l|A/A™+"iL,(^(x)|dx 
\Jo t J Jo xgg 

n— 1 

+ sup e“l“l|A7A'=+’"iLi(^(x)|. 




x£G 


( 11 ) 


( 12 ) 
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Check then that for all w € (0,1] and all I G N, we have 


sup Hi^(p{x)\ = supe°l“l |X/iJ„A*i^(x)| 

x^G x^G 

<supe°l“l [ \Xih^{y~^x)\\A‘(p{y)\dy 
xeG Jg 

<sup [ |A,h„(y-ix)|e^l^l|AV(y)|dy 

xeG Jg 

sup f \Xih^{y~'^x)\dy^ 'Y] -/V/.c(‘/?) 

\X^G J G / I r| _r)i 


|/|= 2 / 


where the third line holds because |x|<|y ^x| + |x|. 

However, for all a; € G and all w G (0,1], Proposition 12.51 yields that, for all x G G, 


oc|y G| 


Xjh^uiy x)\dy<w 2 

5, w 


ri 1 


yiVw) Jg 

in 1 f 


V{y/w) 


gdy 


'-^dy 


S.W 2 . 


By gathering the estimates dm), cni) and (HU, we obtain 


A,,, (^J\tArHtipj^ <u 


^lA^p) 

|/|<2(m+n) 

< u™ ^ NiAA 

|/|<2(m+n) 

u—>-0 

-s> 0, 


n —1 


■■'^-\--dv + j 2 ^ 


fc=0 


(13) 


(14) 


which proves m and finishes the proof. 


□ 


4 Proof of Theorem 11.91 and of its corollaries 

4.1 Proof of Theorem 11.91 

In this section, we will always assume that a > 0, p,q G [1, +oo]. 

Proposition 4.1. For all ti,to G (0,1) and all integers m > ^, 

1 

II/IIp < WHtofWp + IIA-ilJIlJ' ’ V/ G S'{G) 

when a > 0 and ^ 

WHtJWp < WHtJWp + WA^HJW^Yj'^ ’ V/ G 5'(G) 

when a > 0 and q < +oo, with the usual modification when q = +oo. 


Proof: Lemma [TI] (recall that LP{G) C S'{G)) yields the estimate 

„i , m-l 

ll/ll, < / t-||A-ilJ||,- + ^||A'=ili/||,. 
ao t 


k=0 
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However, for all fc G N, \\A^Hif\\p < Then, when a > 0, 



which prove the case a > 0. 

If a = 0, Lemma l3.II for the integer to + 1 implies 


.1 , m 

•^0 fc=0 



Proposition 4.2. For all integers m > ^, 








Proof: We use Lemma (lO and get 


Thus, 


f ds 

A^Htf= / sAH,A'^Htf—+HiA"^Htf. 

. n S 



We start with the estimate of h. One has A'^+^iLt+^Z = HsA'^+^Htf = HtA^+^Hsf. Then 


/i < 

:= Ih + II2. 


Notice 


Ih = 




9 dt 
t 


which is the desired estimate. As far as II 2 is concerned. 


Ih = 



0 \Jo 


, , .ds\ dt 
K{s,t)g{s)—\ — 


11 




with g{s) = 2 IIand K{s,t) = (f)’" ^ ls>t- Since 

[ K{s,t)—<1 and / K{s,t)—<1, 

Jo s Jo t 


Lemma [ZT] yields then 


which is also the desired estimate. 


Ih < 


5(s)' 


, ds 


It remains to estimate l 2 - First, verify that Proposition 12 . 71 of Ht implies || A'"iLt_|_i/|| < ||/||p. Then we obtain 


h < 


since Jq 


Jo t 

Proposition 4.3. For all integers /3 > 7 > 

r-l 




Proof: Proposition [713 implies 




<t'^-^\\f\\p. Then 




r-2 


A^Htf 


< 




dt 
t 

<iiM \’ 

M / 


9 dt 
t 


Remark 4.4. Propositions \4-l\ 14-^1 imply (i) of Theorem \l.y[ 

Proposition 4.5. Let m > ^. Then 




\j<-i 


is an equivalent norm in Bf;'^(G). 

Proof: Assertion (i) in Theorem II.91 and the following calculus prove the equivalence of norms: 




u<-i 


r2^ 


< I E / . , 2^('"-t)||A™iLJ|| 

U <-1 


/23- 


1 9 dt 

T 


< / [t™-t||A-i/J||p] 


9 dt 




< 


= E / [i™-^l|A'"iLt/||p] 

^ f)||A-i727llp 


g dt 
t 


\3<-l 


This proves item {ii) in Theorem II.91 


□ 


□ 


□ 
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Proposition 4.6. Let a > 0 and ^ > §■ Then 


\H^f\\p+ I E 

VJ<-i 


2-3 2 




(15) 


is an equivalent norm in 


Proof: We denote by H-HbP’’ the norm defined in (fTKll . It is easy to check, using assertion (i) in Theorem ll.91 the Holder 
inequality and the triangle inequality, that 

ll/llsP'j ^ ll/llsg’'*- 

For the converse inequality, we proceed as follows. Fix an integer m > ^. 

1. Decomposition of /: 

The first step is to decompose / as in Lemma [XT] 


/ = 


1 


.dt ^ 1 


(/-I)! 


{tAYHJj + ^ in 5'(G). 


We introduce 


and 


Remark then that 


2. Estimates of A™iL 2 j/n 
Note that 


fu = -J {tA^Htf—dt 


C-n — 


w^yHtf 


dt 


i-i 


/ = 77^ E + “•S'(G). 


(/-I)! ^ ^ fc! 

^ ' n= —oo k—Q 




= -A^iLon-l 


2n-lj^2i 


[ (tA)'iJ,_2n-l/^-A™iL2.+2.- / (tA)'ift_2n/^ 

72" t d3.2"-i t 

/■2"' /-Z" Jj. 

=-A'"iL2-i+2. / (t + - A™iL2.+2.- / (t + 2'‘)'A'iJJ-. 

J2"”i t J2"^i ^ 


Then Proposition 12.71 implies. 

l|A™Fr2./„||p< [(2("-i)+2^]- 

+ [2" + 2^r 
< [2”+ 2^']-’ 




/2^- 

r‘2 


a-l 




dt 


r litAYHji^ 

/2n-l t 


In other words, 


|A™Fr2./n||p< 


2-”""c„ if j < n 
2-J^Cn if j > n ■ 


(16) 


(17) 
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3. Estimate of 

As a consequence, 


E 

2i(m-f) 

A’"Lr 2 . E 


q 

^E 


j<-i 


n< —1 

P- 

f<-i 

n< —1 


According to Lemma 12.21 since 0 < m — ^ < m, one has 


E 






E/" 


'< E [2-‘?c„]’. 

n——oo 


4. Estimate of the remaining term 

Remark that 

i-i 

ii/iibs- < WHtjh +Ar (E /") + E ■ 

From the previous step and Proposition I4.5[ we proved that 

A^ (E/") 

In order to conclude the proof of Proposition 0^ it suffices then to check that for all k G [[0,^—1]], one has 

IIA'^'i/i/lls- < WfWLP. (18) 


Indeed, one has for all j < —I 

<(l + 2^)-^’”+'=^||/||p 

<ll/llp- 


Consequently, 


[2A™-f)||A™iJ22A'''LIi/|| 

j<-i 



WfWl E 

f<-i 


Q 

Ip- 


□ 


4.2 Proof of Theorem 11,131 

Proof: (Theorem 

We denote by IMIsr.'^ the norm defined in (O. Since 


|A™iL 227 llp< max sup \\XiHtf\\ , 
P i6[2q2^ + i] |/|<2m 


it is easy to check that 


< 


For the converse inequality, it is enough to check that 


\b^' 


< 


Xaup 


Isf’P 


We proceed then as the proof of Proposition 14.61 since Proposition 12.71 yields 


max sup WXjHtfnWp < 
te[2q2J + i] |7|<^ 


2 " 2 c„ if j < n 
2~^^Cn if j > n 


with a proof analogous to the one of (Ha- 


□ 
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4.3 Embeddings and interpolation 


Proof: (of Corollary 11.111) The proof is analogous to the one of Proposition 2.3.2/2 in [T7] using Proposition 14.51 It 
relies on the monotonicity of Ig spaces, see [HI 1.2.2/4], □ 

Let us turn to interpolation properties of Besov spaces, that implies in particular Corollary 1 1.1 21 


Corollary 4.7. Let sq, si, s > 0, 1 < PojPiiPi < 70 : 91 ; r < oo and 9 € (0,1). 
Define 

s* = (1 — 9 )sq + 0si, 

1 _1-9 9 

P* Po Pi ’ 

1 _ 1-9 9 

q* 90 9i' 


i. If So 7 ^ Si then 




a. In the case where sq = si, we have 


Hi. If p* = q* :=r, 


iv. Ifsoylsi, 




Proof: The proof is inspired by [21 Theorem 6.4.3]. 

Recall (see Definition 6.4.1 in [2]) that a space B is called a retract of A if there exists two bounded linear operators 
J ■. B ^ A and V : A ^ B such that V o J is the identity on B. 

Therefore, we just need to prove that the spaces Bf;'^ are retracts of lq{LP) where, for any Banach space A (see 
paragraph 5.6 in mi 


1^{A)= {ugA^-, 


\u\U^(A) 



< +00 


Then interpolation on the spaces lg{LP) (see [2], Theorems 5.6.1, 5.6.2 and 5.6.3) provides the result. Note the 
weight appearing lg{A) is (and not 2-1^) because we sum on negative integers. 

Fix m > ^. Define the functional J hy Jf = {{Jf)j)j^Q where 

iJf), = 2^™A-iL2i-i/ 


if j < — 1 and 

Moreover, define V on lq{LP) by 

1 


{Jf)o = Hif. 


Vu=y 

^ k\ 


fe=0 


lUo 


( 2 to - 1 )! 


E2 

i<-i 




-jm 




We will see below that V is well-defined on l'f{LP). Proposition 14.51 implies immediately that J is bounded from 
Bfy'i to lq{LP). Moreover, Lemma IXT] easily provides that 

P o IT = Idgp.i. 
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It remains to verify that P is a bounded linear operator from lg{LP) to . The proof is similar to the one of 
Proposition 14.61 Indeed, proceeding as the fourth step of Proposition 021 one gets 


2m—1 - 




lluollp- 




It is plain to see that 


^ 2 ^ + ^ 


"" j<-i 


l2i 


. 2 ^ + 1 

< 2 "^'" / 
3<-l 


l2i 


. 2^+1 

< Y 2 "'^'" / 

J<-1 -^ 2 . 

< ^ 2n\ujh 

3<-l 

^ \W\\l^{LP)- 


HiIS^Ht_2i-iUj 

dt 


dt 
p t 




t 


Then the proof of the boundedness of V is reduced to the one of 


7 := ^ 2‘(" 


-f) 


Indeed, 


, fe<-i 


,.2^'+i 


A'^H2i^ Y 2”''''" / f^A^Ht_2i-i^ 

j<-i 


dt 


121 


^ \W\\l^(LP)- (19) 


/9 < ^ 2 '=^’^ 


fc<-l 


„2^+^ 

Y 2-^™ / (tA)2-i/,_27-l+2.U, 

,<-l •^2.- 


dt 


< Y ^ 2^™ ||A2™i/27-i+2'=^ 

/c<-i y j<-i 


fc<-l 


f<- 


< 'Y^ I ^ 2“2mmax{i,fe}2im ||.^^.|| 

J <-1 


fc<-l 


Check that 0 < m — ^ < 2m. Thus, Lemma \7?I\ yields 


/9 < Y^ 


i<-i 


< MliLpy 


which proves (11911 and thus concludes the proof. 


□ 


5 Algebra under pointwise product - 
Theorem 11.141 

We want to introduce some paraproducts. The idea of paraproducts goes back to 0]. The term “paraproducts” is used 
to a denotes some non-commutative bilinear forms such that fg = ^Ai(f,g). They are introduced in some cases, 
where the bilinear forms are easier to handle than the pointwise product. 

In the context of doubling spaces, a definition of paraproducts is given in Eli- We need to slightly modify the definition 
in [3] to adapt them to non-doubling spaces. 
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For alH > 0, define 


m— 1 






and observe that the derivative of 1is given by 

<^;(A) = 




Remark 5.1. Even if (f>t actually depends on m, we do not indicate this dependence explicitly. 
Recall that Lemma [XT] provides the identity 

nl 


f = J inS'iG). 


Proposition 5.2. Letp,q,r G [l,+oo] such that ^ ■= ^ + ^ < 1- Let {f,g) G L'^iG) X L'^{G). 


One has the formula 


where 


and 


fg = Uf{g) + Ugif) + n(/, g) - M^)[M^)f ' in 5'(G), 

, dt 


n/(5) = / 0t(A)['0t(A)/• 0t(A)g] 


t 


Proof: Since fgGL^G S'{G), the formula (1^ provides in S'{G) 

dt 

[f-g]= Mm ■ 9]-- Mm ■ 9]- 
Jo f 

We can use again twice (one for / and one for g) the identity (1^ to get 


[f-9]=I M^) jy - (/)i(A)/| • jy 'ipy{A)g^ - (j)i{A)g 

-^i(A) |y '0„(A)/^ - ^i(A)/| • |y MA)g^-M^)9 

[ [ MMM^)f ■'yv{A)g] 

Jo Jo 


dt 

t 


>0 JO Jo 

fl /•! 


, dt du dv 
tuv 
, dt dv 


, dt du 
tu 


- ^i(A)[<?ii(A) • (?!)i(A)] 

r*l /*! /*! 


( 20 ) 


( 21 ) 


y y V'*(A)[<^i(A)/.^„(A)g]^-y y MmuM)f-Mm 

-[ [ yi{MM^)f ■yv{A)g]^^M^ ^ 

JO Jo nv 

f Mmmf • Mm^ + t MmuM)f ■ Mm- 

Jo Jo n 

+ r MA)[MA)f-MA)g]- 
Jo n 


:=R{f,g)+[ [ [ Mmu{A)f■Mm^^^-Mmli^)■MM■ 

Jo Jo Jo tnv 

The domain [0,1]^ can be divided in the subsets D{t,u,v), D{u,t,v) and D{v,u,t) where D{a,b,c) = {{a,b,c) G 
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[0,1]^, a < inin{ 6 , c}}. Consequently, 

! /A\r/ / A \ / /AN ,dtdudv 

/ / / ' 0 t(A)[V'«(A)/•'0v(A)5r]- 

JQ Jo Jo 


tuv 


I It It III 


1 aI aI 


tuv 

r-1 /•! /■! 


, du dt dv 
utv 


+ f f [ M^Mu{^)f ■i^v{^)g] 

Jo J V J V 

= MmM^)f - M^)f} ■ {M^)9 - M^)9 }]j 


dv du dt 
vut 


(23) 


{</>i(A) - (/>„(A)}[7/;„(A)/ • {(/)i(A)g - 0„(A)5f}] 


du 


dv 


+ / {</>i(A) - (/>„(A)}[{(^i(A)/- (^„(A)/} •'i/^„(A)5] — 

Jo 

:=^(/,g)+nj(5)+ng(/)+n(/,5). 

It remains to check that R{f, 9 ) + S{f,g) = 0. This identity, that can be proven with similar computations as 
(ESI, is left to the reader. □ 

Proposition 5.3. Let G be a unimodular Lie group. Let o > 0 and p,pi,p 2 ,q G [l,+oo] such that 

1 1 _ 1 
Pi P2 P' 

Then for all f G and all g G L^^, one has 

Proof: Let m> ^ and j < —1. Notice that, for all u G (0,1), 


dt 

\A^HM9 )\\p< \\A^H^U^)\M^)f ■ UmWr,-- 


Remark that 


\\Um\r<\\HLh\\r 

for all r G [1, +oo] and all h G L'^. As a consequence, 

\\A^H^M^)[M^)f ■ <('*(A)5]||p = ||0t(A)A-iJ,[^*(A)/ • UmWp 


< 


A-iL/+„[^t(A)/.</>*(A)g] 


t 


IIV't(A)/-((<t(A)5|lj 

< min {t""*, u"'"} ||'0t(A)/ • (l)tiA)g\\ 

< min {t-"*, u-"*} \\tljt{A)f\\p^ (A) 5 ||. 

<min{t— }||(tA)™iJ,/|L llsIL • 


lip 


We deduce then 




< Il5ll’, ll ll (max{«,t})-'" ||(tA)™iL*/|l^^ ^ 
<\\g\\l^Y^ |2A™-f) ||(2”A)™iJ2" 


dt\ du 


j<-i 


< 


\lp2 Y 2 "”^« 2 "’"«||A'"iL 2 "/|| 


Q 

Pi I ’ 


i n< —1 
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where we used Lemma o for the last line. As a consequence, we obtain if a G (0, 2m) 




k n< —1 


where we used Proposition 14.51 for the last line. 


□ 


Proposition 5.4. Let G be a unimodular Lie group. Let a > 0 and p,pi,p 2 ,P 3 ,P 4 ,q G [l,+oo] such that 

1 1 _ 1 1 _ 1 

Pi P2 P3 P4 p' 

Then for all f G fl L^^ and all g G n L^"^, one has 

Aa‘^[n(/,5)] ^ II/IIbS1'‘*II5IU!’2 + ll/lliPsllgllsM.i. 


Proof: Notice first that 


||A-iJ„n(/, 5 )||, < ||A-i/„iL*(tA)™[ 0 *(A)/ • umw, j- 

Let us recall then that Xi{f ■ g) = f ■ Xig + Xif ■ g. Consequently, since A = J2i^i 

2m-l 

l|A™[/-5]||p<||A-/.5|lp + ||/.A-g||p+ E sup sup \\XjJ ■ Xj,g\\j,. 

k—i \Ii\=k\l 2 \= 2 m-k 

In the following computations, (Yi^.Zi.^) denotes the couple {Xi^,Xi^) if |/i| ^0 and I/ 2 I ^ 0, (AP^I/^,/) if 
I/ 2 I = 0 and (/, AP^P^) if |/i| = 0. With these notations, one has 

||A-iL„+t(tA)-[</.t(A)/.<^t(A)g]||p 

< min {t—} ||(tA)™[</. 4 (A)/ • M^)9]\\p 

m — 1 

<m\n{t-^,u-^} E ||(tA)-[(tA)'=iLt/.(tA)^iL*g]||^ 

k,l—0 
m—1 2m 

<min{t—} E E^"* ™P ™P \\YiAtA)^Htf ■ Zj,{tAyHtg\\^ 
k,l=0i=0 \h\=^\I2\=2m-^ 

m — 1 2m 

= min{t-'",^r-'"} E sup sup \\Yj,A’‘Htf ■ Zi,A^Htg\\ 

k,l=0i=0 \Ii\=i\l2\=2m-i 

m — 1 2m 

<min{t—} E s^P s^P \\YiM ■ Zi^HtgL 

k l=Q i=0 \Ii\=i+2k\l2\=2m+2l-i 

< min{t"'",u"'"} E sup snp \\Yi^Htf ■ Zi.^Htg\\j,. 

2m<fe+/<6m-4 \Il\=k\l2\=l 

k-\-l even 
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Setting c„ 


= E 

2 m<fc+Z<6m—4 
k-\-l even 



k + l 

t 2 


sup sup WYi^Htf ■ Zi^HtoW one has 

|/l|=fc|l 2 |=i t 


Ar[n(/,5)]« 


< 




dt\ du 


t J u 


f u™ 2 / min{t "*} V sup sup \\Yi^Htf ■ Zj^Htg\\ 

Jo Jo . |/ll=fe|/ 2 l=i * 


V 


^ E 

j^-OO 

n< —1 


2m<fc+i<6m-4 l^l |-fe I J' 2 1 

k-\-l even 
1 9 


du 

u 




— m max{n,j} 


n——oo 


where the last line is a consequence of Lemma 12.21 since 0 < m — ^ < m. 

It remains to prove that for any couple (fc, 1) G satisfying 6 m — 4 > fc + Z > 2m and k + I even, we have 


T:= f E 2-”^^ ( r sup sup \\Yi,HJ ■ Zi,Htg\\^^ 

\n^l \I,\=k\l2\=l t 


< 




(24) 


1. If /c = 0 or Z = 0: 

Since k and Z play symmetric roles, we can assume without loss of generality that 1 = 0. In this case, k is 
even and if k = 2k', 


Therefore, 


sup sup llTf.iJJ • Zi.^Htg\\ = 

|/l|=fc|/ 2|=0 

< 

< 


A'^Htf-Htg 


A'^HtflUlHtg 


P2 




IlffIL 


T < ||g||z,P2 





1. 

g 


where the second line is due to the fact that k' >m> 
2. If fc > 1 and Z > 1: 

Define oi, 02 , D, ?' 2 , qi and q 2 by 


k I 

—-a , 02 = — 


“^-fc + z“ ’ 

k+l' 

Zc + Z k 1 

1 

+ 

ri Pi P3 

T’2 

P2 

k + l k 

Zc + Z Z 

qi q 

92 

q' 


In this case, notice that k > ai and Z > 02 - One has then 

sup sup WXi^Htf ■ Xi^HtgW < sup \\Xi^Htf\\^^ sup \\Xi^Htg\\^^ 

|/l|=fc|/2|=Z |/i|=/c \l2\=l 
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and thus Holder inequality provides 


T < 


( 2 ” 2 ' sup WXi^HtfW 

^ ' te[2q23 + i] 


^<-1 


*6[2^2.+q 




where the second line is due to Theorem 1 1.1 HI 

Let 9 = -j^i- Complex interpolation lCorollarv ll.1211 provides 


and 

Remark also that L^{G) is continuously embedded in Bq°°{G) (this can be easily seen from the definition of 
Besov spaces). As a consequence, 


^ ll/IUr3||g||BP4.<! + \\f\\Bl^-A\9\\LP2 


which is the desired conclusion. 


□ 


Let us now prove Theorem II. 141 

Proof: With the use of Propositions 15.2115.31 and 15.41 it remains to check that 

l|Lfi[/ • g]\\LP < II/IIbpi'‘'II5IUi>2 + \\f\\LP3\\g\\BP*’'> (25) 

and 

\\(fi{A)[(j)i{A)f ■ (j)i{A)g\\BP’i < ll/llsri'HIfflU'’^ + ||/||lp3||5|IbS^'‘*- (26) 

The inequality (1^51) is easy to check. By Proposition 14.11 one has 

\\Hi[f ■ g]\\LP < \\f -gWp < ||/||pi||ff||p 2 < ll/llB«’‘>ll5llBr2. 

For (1^ . recall that (fT51) implies 

\\(j)i{A)[(fi{A)f ■ (j)i{A)g]\\BP’i < \\MA)f ■ (l)i{A)g\\LP 

<\\MA)f\\pA\MA)g\\p, 

^ II/IIbsi’‘'II5IUp2. 

□ 


6 Other characterizations of Besov spaces 


6.1 Characterization by differences of functions - Theorem 11.161 

Lemma 6.1. Let p,q G [1, + 00 ] and a > 0. There exists c > 0 such that, for all f G LP{G), 


AS’^(/) < 



|V,/||, 


=-c|yP 


I 2 /I" 
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Proof: Since jQ^{y)dx = 0, 




dht 

dt 


{y)[fixy) - f{x)]dy 


= J^^{y)'^yfix)dy. 


Consequently, 


Proposition 12.51 provides 


dHt 

dt 


p JG 


dht 

dt 


(y) 


l^yfWpdy. 


(27) 




< 


no f 1 dt 

t e * W^vfWpdy] — 


< 


< 






Ig tV{\/t) 

Ig tV{y/t) 

Ig tV{Vi)^ 


t 


_c'^||V7 fll -c'Mi , Y dt 

e ‘ ||Vy/||pe ‘ dyj — 


|Vp/||„e 


-d\v\" 


dy 


dt\ " 




v",y; - ^17(7!) (^) 

in the third line). Lemma ITT] and Proposition l2.4l imply then 


with c' = f, g{y) = d\v\'‘ and K{t,y) = 


^ e ° (note that we used the fact that t G (0,1) 


AP’‘?(f) < ( / |q(w)|«—^ 
a U)r^\ i^\9[y)\ 


|Vp/||pe--l^l'V dy 


|y|" 


v{\y\) 


Proposition 6.2. Let p,q G [1, +oo] and a > 0, then 

Ar (/) < Ar (/) + II/IIp- 

Proof: According to Lemma 16.11 it is sufficient to check that 


□ 


|Vp/||pe-=l"l'V dy 




vi\y\) 


<Ar(/) + ll/llj 


Since we obviously have 


all we need to prove is 


|Vp/||pe--l"l'V dy 


'\y\<i 


\y\^ 


nM) 


< AS'’(/), 


T = 


|V,/||pe--l^l'V dy Y 


'|y|>i 


\y\" 


v{\y\)j 


< 


Ip- 
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Indeed, ||Vy/||p < 2||/||p and thus 


T < 




<ll/llp, 

where the last line holds because V (r) have at most exponential growth. 
Proposition 6.3. Letp,q G [l,+oo] and a G (0,1). Then 

ir(/)<Ar(/) + ll/llp V/GSr(G). 


Proof: 1. Decomposition of /: 

The first step is to decompose / as 




We introduce 


and 


oTX-l-J. 

^Tj £ p2. 


dt. 


r 

dHJ 


dt 


Remark then that 

and Lemma HO provides 


||/n||p ^ Cn+1 
-1 

f-Hif= m5'(G). 


2. Estimate of Xifn'. 

Let us prove that if n < — 1, one has for all i G [I, fcj 


\X^fu\\p < 2-tc„ 


Indeed, notice first 


Proposition [Z3 implies then 


/„ = -2 / AH2tfdt 
J 2 "”i 

= -2id2-i [ Ht_2^-.AHtfdt 
:= Il2Ti-ign- 


\X^fn\\p<2-i\\gn\\, 


< 2“2 


/ 2 n-l 

/. 2 " 


H,-2 


dHJ 


dt 


dt 


< 2“2 


dHtf 


J2™-1 

= 2 "tc„. 


dt 


dt 


□ 


(28) 


23 


















li ip : [0,1] —>■ G is an admissible path linking e to y with l{(p) < 2|y| 


Hence, (1^ implies 



ri k 


|Vy/„||p< / ^ |Ci(s)|||X,/„(.V5(s))||pds 


^0 


2=1 


= \\X^fn\\p [ ^|Ci(s)|ds 
•^0 i=l 

< ^ |ci(s)|ds 

Jo .-I 


^ | 2/|2 = c„ 

where the second line is a consequence of the right-invariance of the measure and the last one follows from 
the definition of Thus, one has 


\y\2 if |?/p < 2 " 

c„+i if|2/P>2" 


|Vp/.IL< 


3. Estimate of — Hif) 

As a consequence of (1^ . 




J^-OO 

^ E 

j=-oo 


|Vp/||p^’ dy 


/2i<|yp<2i+i V \y\°‘ J i^(lyl) 

\ ^ 

|Vy/n||p \ (iy 


< 5 ] 2 -^^ 

j=-oo 

-1 


2J<|y|2<2J + i 
3 


E 


\n— — oo 


|y|“ y ni2/l) 

Q 

Cn+1 ^ ^ 2 2 

n——oo 

-1 \ 9 


E 


< ^ E 2 -^^[c„+i+c„ 


J^-OO 

-1 


< 


E (2- 


[Cn +1 “t“ 

n— — oo 

< E 

n— — oo 


(29) 


Note that the third line holds since 2^ < 1, so that V (2^+^) < V (2-1) and the fifth one is obtained with Lemma 
nil since a G ( 0 , 1 ). 
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However 


E 12-”»<=J*= E 


n— — oo 


2 -"f f 

dHtf 

dt 

[ 

dt 

P 


n— — oo 
0 

n— — co 

~ t f 

n=-oo"'2"-i V 


1 ) r 

dHtf 

72"-i 

dt 


dt 


dHtf 


dt 


dt 

T 




dHtf 


dt 


dt 

t 


= (Ar(/)r- 


4. Estimate of L^‘^{Hif) 

With computations similar to those of the second step of this proof, we find that 


Consequently, 




< 


< 


< 


\^yHif\\p<\y\\\f\U 




IIP I E / 

Vi<-i 
Ip 


dy \ 

ni 2 /i) 


where the third line is a consequence of the local doubling property. 


Theorem 6.4. Let G be a unimodular Lie group and a G (0,1), then we have the following Leibniz rule. 
If Pi,P2,P3,P4,P,q G [1,+oc)] are sueh that 

1 1 _ 1 1 _ 1 

Pi P2 P3 Pi P 

then for all f G BPf’'^{G) fl LP^{G) and all g G Bff''^{G) fl L^'^{G), one has 

ll/sllsg’’ \\f\\Bi'^''‘\\9\\LV2 + ||/||lp3||5|Ibs^'’- 


Proof: Check that 


Thus, with Holder inequality. 


Vy(/ ■ g)ix) = g{xy) ■ Vyf{x) + f{x) ■ Vyg{x). 


ll/5llB-^ll/-ffllp + Ar(/-5) 
< 


pJHU + • IHk-+ II/IU.3 • 


^ ll/llBSi'’llffllp2 + WfWLPsWgWB^*’”- 


(30) 


□ 


□ 
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6.2 Characterization by induction - Theorem 11.191 

Proposition 6.5. Let p,q £ [1, +cxd] and a > —1. Let m > §• One has for all i G [1, fc] 

Ar(^J)<A^’:i/ + ||/||p = ||/||B- • 


Proof: The scheme of the proof is similar to Proposition 14.61 


1. Decomposition of /: 

Let M be an integer with M > We decompose / as in Lemma [O] 


/ = 


1 


,, M-l 

fe=0 


and we introduce 

and 

Remark then that 
and 


(M-l)! Jo 


dt 
t 

||/ra||p ^ Cn+1 

-1 M-l 

^ ^ n— — oo k—0 


2. A first estimate of AL^HiXifn- 

Let us prove that if n < —1, one has for all i £ [[1, fcj 




(31) 


Indeed, notice first 


/„ = -2“ {tA)^H2tf^ 

J2n-1 t 


fjf 

= -2^H^.-^ H,_^.-.(tA)^Htf- 

J2"-i t 

Thus, since A = — X)i=i Af can be written as a polynomial in the A^’s, we obtain with the upper estimate 
of the heat kernel fProposition 12.511 . 


lA’^XJ^Wp^ 


\A^Xih2^-i{z ^x)\gniz)dz 


< 


2-r!,(m+i) 


exp — c 


dx 


gn{z)dz 


dx 


P(2t) 

<2-(™+5)||g„||p 
< 2-”('"+5)c„ 

Tl Tl ” 1 

where the second line is due to the fact that P(2^) < P( 2 ~ 2 “) and the last two lines are obtained by an 
argument analogous to the one for (1^ . 

As a consequence, one has for all t £ (0,1], 

\\A^HtXJ^\l = \\HtA^X,U\\p < 2-"('"+5)c„, 
since Ht is uniformly bounded. 


26 












( 32 ) 


3. A second estimate of A^HtXifn: 

Let us prove that for all / G L'p{G) and for all i G [1, fcj, one has 


First, notice that 


A^HtXJix) = £ ^ht{y){XJ)ixy)dy 

= ^ht{y)[X,f{x.)]{y)dy 

= - ^ Xi^ht{y)f{xy)dy 


= - f X,A‘^ht[x ^y)f{y)dy. 

Jg 

Then, using the estimates on the heat kernel fProDOsition l2.5l) and the fact that A = — '^Xf, we obtain 


\A^HtX^f\\p < 


V{Vi) 


exp —c 


\fiy)\dy 


dx 


:= r 

with K{x,y) = exp Proposition 12.31 yields the estimate (15^ . 

4. Estimate of A^'^{J2fn) 

The two previous steps imply 

r n-n{m+^) -r ^ ^ on 


K{x,y)\f{y)\dy 


dx 


As a consequence. 


f 


'o 



A^HtX, fr, 


n= —oo 


dt 

t 


£ E 

j=-oo • 




2J<t<2J + '- 




"Of 


n——oo 


-1 


-1 


< 


c„+i+ ^ 

n=j+l 


j=—oo \ n= —oo 

j — — (yo \ n— — oo 

-1 

< 'Y^ 2 " 2 [Cn + Cn+l] 

n— — co 
0 

E [ 


< 


2-"—c. 


where we used Lemma [U for the fourth estimate, relevant since — 1 < ^ by assumption. We get then 
the domination 



A^HfX, 


E. 




n— — oo 



(33) 
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However computations analogous to those leading to dsni prove that 


E 


n——oo 




9 dt 

T 


5. Estimate of the remaining term. 

Recall that 

-1 M-l 

/=(MVTj! E 

^ ^ n— — oo k—0 

We already estimated AP’'J(^ /„). What remains to be estimated is 
Proposition [nm provides as well 




HifW < 

i-J lip — 


lA^XiA’^HifW < 


lip- 


As a consequence, we get, 




M-l 




fc=0 


dt 


< 


1 t 


< 


II?- 


(34) 


□ 


Corollary 6.6. Let p,q G [1, +oo] and a > 0. 

k 

Proof: The main work was done in the previous proposition. Indeed, notice that Proposition 16.51 implies 

A^':,/ = A^l,(A/) 

k 

i=l 

which provides the domination of the first term by the second one. 

The converse inequality splits into two parts. The first one is the domination of K^‘^{Xif) by ||/||_Br’'’^j which is an 
immediate application of Proposition 16.51 The second one is the domination of ||Ai/||p. But recall that Theorem 
0 states that we can replace ||Ai/||p by ||i7iAi/||p in the Besov norm, and provides that 

II^i^JIIp<II/IIp<II/IIb-- 

□ 
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